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We give the L2 estimates for the Marcinkiewicz integral with rough variable kernels as-
sociated to surfaces. More precisely, we give some other suﬃcient conditions which are
diﬀerent from the conditions known before to warrant that the L2-boundedness holds.
As corollaries of this result, we show that similar properties still hold for parametric
Littlewood-Paley area integral and parametric g∗λ functions with rough variable kernels.
Some of the results are extensions of some known results.
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1. Introduction
In order to study the elliptic partial diﬀerential equations of order two with variable coef-
ficients, Caldero´n and Zygmund [3] defined and studied the L2-boundedness of singular
integral T with variable kernels. In 1980, Aguilera and Harboure [4] studied the problem
of pointwise convergence of singular integral and the L2-bounds of Hardy-Littlewood
maximal function with variable kernels. In 2002, Tang and Yang [1] gave the L2 bound-
edness of the singular integrals with rough variable kernels associated to surfaces of the
form {x =Φ(|y|)y′}, where y′ = y/|y| for any y ∈Rn\{0} (n≥ 2). That is, they consid-
ered the variable Caldero´n-Zygmund singular integral operator TΦ defined by






and its truncated maximal operator T∗Φ defined by
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for f ∈ C∞0 (Rn), where k(x, y) = Ω(x, y)/|y|n : Rn ×Rn\{0} → R, Ω(x, y) is positively
homogeneous in y of degree 0, namely Ω(x,λy)=Ω(x, y) for any λ > 0, and
∫
Sn−1
Ω(x, y′)dσ(y′)= 0 for a.e. x ∈Rn, (1.3)
where Sn−1 is the unit sphere of Rn equipped with Lebesgue measure dσ = dσ(x′).
They gave the following result.








Let Φ(t) be a nonnegative (or nonpositive) C1 function on (0,∞) satisfying
(a) Φ is strictly increasing (or decreasing);
(b) Φ(t)/t = C2Φ′(t)ϕ(t) for all t ∈ (0,∞), ϕ is defined on (0,∞) which is a monotonic
and uniformly bounded function.
Then T∗Φ is bounded on L2(Rn) and TΦ can be uniquely extended to be a bounded operator
on L2(Rn). Moreover, for all f ∈ L2(Rn),
∥∥TΦ( f )∥∥2 ≤ C‖ f ‖2,
∥∥T∗Φ
∥∥
2 ≤ C‖ f ‖2, (1.5)
where the constant C is independent of f .
On the other hand, as a related vector-valued singular integral with variable kernel, the
Marcinkiewicz integral with rough variable kernel associated with surfaces of the form
















If Φ(|y|) = |y|, we put μΦΩ = μΩ. Then μΩ with convolution type of kernel is just the
Marcinkiewicz integral of higher dimension which was first defined and studied by Stein
[5] in 1958. Since then, many works have been done about this integral (see, e.g., [6–8]).
In 2005, Ding et al. [9] studied the L2 boundedness of the operator μΩ.
Theorem 1.2 (see [9]). Suppose that Ω(x, y) is positively homogeneous in y of degree 0,
and satisfies (1.3) and (1.4) for some q > 2(n− 1)/n. Then there is a constant C such that
‖μΩ( f )‖2 ≤ C‖ f ‖2, where the constant C is independent of f .
So, we have considered that it is natural to ask if the results in Theorem 1.1 still hold
or not for the Marcinkiewicz integral with rough variable kernels along surfaces, and got
in our paper [2] the following answer.
Q. Xue and K. Yabuta 3
Theorem 1.3 (see [2]). Suppose thatΩ(x, y) is positively homogeneous in y of degree 0, and
satisfies (1.3) and (1.4) for some q > 2(n− 1)/n. Let Φ be a positive and strictly increasing
(or negative and decreasing) C1 function and let it satisfy Φ(t)/t = Φ′(t)ϕ(t) for all t ∈
(0,∞), where ϕ is a function defined on (0,∞) and there exist two constants δ, M such that
0 < δ ≤ |ϕ(t)| ≤M. Suppose moreover ϕ satisfies one of the following conditions:
(i) tϕ′(t) is bounded;
(ii) ϕ is a monotonic function.
Then there is a constant C such that ‖μΦΩ( f )‖2 ≤ C‖ f ‖2, where constant C is independent
of f .
In this paper, we will give another suﬃcient condition, relating to a recent paper by
Al-Qassem [10].
Theorem 1.4. Suppose that Ω(x, y) is positively homogeneous in y of degree 0, and satisfies
(1.3) and (1.4) for some q > 2(n− 1)/n. Let Φ be a positive and monotonic (or negative and
monotonic) C1 function on (0,∞) and let it satisfy the following conditions:
(i) δ ≤ |Φ(t)/(tΦ′(t))| ≤M for some 0 < δ ≤M <∞;
(ii) Φ′(t) is monotonic on (0,∞).
Then there is a constant C such that ‖μΦΩ( f )‖2 ≤ C‖ f ‖2, where constant C is independent
of f .
Remark 1.5. There is no including relationship between condition (ii) and conditions (i),
(ii) in Theorem 1.3, this can be seen from the example given in [2, Section 2 and Examples
2 and 3].
Remark 1.6. If Φ(t) is a positive and monotonic function on (0,∞) and Φ′(t) is mono-
tonic, then the following (i) and (ii) are equivalent.
(i) δ ≤ |Φ(t)/(tΦ′(t))| ≤M (0 < t <∞) for some 0 < δ ≤M <∞;
(ii) η ≤max{g(2t)/g(t), g(t)/g(2t)} ≤ L on (0,∞) for some 1 < η ≤ L <∞.
This can be checked by elementary consideration, using convexity or concavity.
Condition (ii) is used to give Lp boundedness of Marcinkiewicz integrals along sur-
faces with convolution type of kernel by Al-Qassem [10].
Furthermore, our results can be extended to the parametric Marcinkiewicz integrals,
parametric area integral, and parametric μ∗λ function, which are defined by

















































where Γ(x)= {(y, t)∈Rn+1+ : |x− y| < t} and λ > 1.
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We get the following result.
Theorem 1.7. Let σ > 0. Then Theorem 1.4 still holds for the parametric operators μΦ,σΩ ,
μΦ,σS , and μ
∗,σ
λ,Φ.
Throughout this paper, the letter C will denote a positive constant that may vary at
each occurrence but is independent of the essential variables.
2. Proof of Theorem 1.4
We begin with recalling a known lemma. This lemma can be obtained from [11, (2.19),
page 152], and [11, Theorem 3.10, page 158], see also [1].














The first part of the next lemma is given in [2, page 372].
Lemma 2.2. (1) Let g(t) be a nonnegative (positive) and nondecreasing (strictly increasing)




If there exists δ > 0 such that 0 < δ ≤ ϕ(t) on (0,∞), then [g−1(t)]σ /tε is nondecreasing
(strictly increasing) on (0,∞) for 0 < ε ≤ σδ (0 < ε < σδ). Conversely, if [g−1(t)]σ /tε is non-
decreasing (strictly increasing) for some ε > 0, then ϕ(t)≥ ε/σ (ϕ(t) > ε/σ).
(2) Let g(t) be a nonnegative (positive) and nonincreasing (strictly decreasing) function




If there exists δ > 0 such that 0 < δ ≤ −ϕ(t) on (0,∞), then [g−1(t)]σ tε is non-increasing
(strictly decreasing) on (0,∞) for 0 < ε ≤ σδ (0 < ε < σδ). Conversely, if [g−1(t)]σ /tε is non-
increasing (strictly decreasing) for some ε > 0, then −ϕ(t)≥ ε/σ (−ϕ(t) > ε/σ).
One can prove this in an elementary calculation. Case (1) is given in [2, page 372], and
Case (2) is shown similarly. We also note that if ϕ(t) in Lemma 2.2 is bounded (without
boundedness from below), it follows limt→0 g(t) = 0 and limt→∞ g(t) = +∞ in Case (1),
and limt→0 g(t)= +∞ and limt→∞ g(t)= 0 in Case (2). (Cf. [12] for the proof.)
Below we give one example.
Example 2.3. Take a nondecreasing function ψ(t) ∈ C∞(R) satisfying 0 ≤ ψ(t) ≤ 1 (t ∈
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Then, we have 2/5≤ ϕ(t)≤ 3/5 on (0,∞), 0 < ϕ′(t)= ψ′(t)/5 < 2/5 (0 < t < 1), ϕ′(t)≤ 0
(t ≥ 1), ϕ′(t) < 0 (2 j < t < 2 j +2−2 j , j = 1,2, . . .) (hence ϕ(t) is not monotonic on (0,∞)),
and limsupt→+∞ |tϕ′(t)| = +∞. Put g(t) = exp(
∫ t
1(ds/sϕ(s))). Then g(t) is positive and
increasing on (0,∞), and g′(t) = g(t)/(tϕ(t)) (i.e., g(t)/t = g′(t)ϕ(t)), and g′′(t) = (1−
ϕ(t)− tϕ′(t))/(tϕ(t))2. By the definition of ϕ(t) we have, for 0 < t < 1
1−ϕ(t)− tϕ′(t)≥ 1− 3
5





and for t ≥ 1, because of ϕ′(t)≤ 0 (t ≥ 1)





Hence g′′(t) > 0 on (0,∞), and so g′(t) is strictly increasing. This g(t) satisfies condi-
tions (i) and (ii) in Theorem 1.4. But, ϕ(t)= g(t)/(tg′(t)) is not monotonic nor tϕ′(t) is
bounded.
Next, we prepare two more lemmas. Denote by Jν the Bessel function of order ν of the
first kind. The following lemma is given by L. Lorch and P. Szego, the old version of this
type inequality is due to A. P. Caldero´n and A. Zygmund.
Lemma 2.4 (see [13]). Suppose ν and λ satisfy ν− λ > −1, and |ν| > 1/2, λ ≥ −1/2 or







∣∣∣∣≤ C|ν|λ , for 0 < r <∞. (2.7)







∣∣∣∣≤ Cmλ+1 , for 0 < r <∞. (2.8)
Now we turn to the proof of Theorem 1.4.
Let k be the space of surface spherical harmonics of degree k on Sn−1 with dimension
Dk. By the same argument as in [3], one can reduce the proof of Theorem 1.4 to the case
as follows:





ak, j(x)Yk, j(y′) is a finite sum, (2.9)





















bk, j(x)Yk, j(y′). (2.11)





≤ C‖Ω‖L∞(Rn)×Lq(Sn−1) =: C‖Ω‖. (2.12)



































































































































































In the sequel, we set ϕ(t) = Φ(t)/(tΦ′(t)) and ν = n/2 + k − 1. We note that
ρ/|ξ|Φ′(Φ−1(ρ/|ξ|))= ϕ(Φ−1(ρ/|ξ|))Φ−1(ρ/|ξ|).
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We will treat the following two cases. (A)Φ(t) is positive and increasing, and (B)Φ(t)
is positive and decreasing. We do not need to treat the case where Φ(t) is negative.





































































Since Jn/2+k−1(ρ) > 0 for 0 < ρ < n/2 + k − 1 and Φ(t) is positive and increasing on
(0,∞), together with Lemma 2.5 and ρ/|ξ|Φ′(Φ−1(ρ/|ξ|)) = ϕ(Φ−1(ρ/|ξ|))Φ−1(ρ/|ξ|),
















































To treat the case where s is big, we fix ε with 0 < ε < min{1/4,δ}. Then, by
Lemma 2.2(1), Φ−1(ρ/|ξ|)/ρε is increasing on (0,∞). We consider the two cases where
Φ′(t) is increasing and decreasing on (0,∞).
(A1) The case where Φ′(t) is decreasing.







































= I1 + I2.
(2.21)
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(n/2+ k− 1)n/2−ε . (2.22)
As for I2, since ρ1−ε/|ξ|Φ′(Φ−1(ρ/|ξ|)) is positive and increasing, by using the second













































(A2) The case where Φ′(t) is increasing.












(n/2+ k− 1)n/2−ε . (2.24)


























= I1 + I2.
(2.25)
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As for I2, by using the second mean-value theorem twice, and Lemma 2.4, we get, for


























































(n/2+ k− 1)n/2−ε .
(2.27)


























= I3 + I4.
(2.28)











(n/2+ k− 1)n/2−ε . (2.29)
As for I4, since |Jν(x)| ≤ 1 (see [14, page 406]), it is easy to see that |J ′ν(ρ)| ≤ |Jν−1(ρ)−
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On the other hand, since r2/r(n−1)/2−ε(r2 − ν2) is decreasing on [2ν,∞), by using the





































































































= I5 + I6.
(2.35)
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Here, in the last inequality we have used 0 < ε < 1/4. By (2.19), (A1-1), (A1-2) and (A2-



























(B) Next we consider the case Φ(t) is positive and decreasing. In this case, from the
monotonicity of Φ′(t), it follows that Φ′(t) is nondecreasing. We take ε > 0 so that ε <
min(1/4,δ). So, by Lemma 2.2(2), we have tεΦ−1(t) is decreasing on (0,∞).






















































(B-1) The case ν≤ s <∞. Since −1/Φ′(Φ−1(ρ/|ξ|)) is positive and decreasing, for any
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= I1 + I2.
(2.44)















As for I1, since Jn/2+k−1(ρ) > 0 for 0 < ρ < n/2+ k− 1 and tεΦ−1(t) is positive and decreas-






























































Therefore, in both cases (A) and (B) by the fact
∑Dk
j=1 |Yk, j(ξ′)|2 = w−1Dk ∼ kn−2 (see








Thus, inequality (2.15) holds and the proof of Theorem 1.4 is finished.
3. Proof of Theorem 1.7
We will give the proof of Theorem 1.7.
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Hence, we only need to give the estimates for μΦ,σΩ ( f ). Similarly as (2.13), we get


























































For any σ > 0, if we take 0 < ε <min{1/4,σδ}, then we see by Lemma 2.2 that [Φ−1(t)]σ /tε
is strictly increasing on (0,∞). Thus, Theorem 1.7 follows from repeating the steps in the
proof of Theorem 1.4.
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